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By Samuel Levy
SUMMARY

The ecuations are given for the elastic behavior of
initially curved sheet in which the deflectlions are not
small in comparison with the thickness but at the ;
same time small enough to Jjustify the use of simplified _
formulas for curvature. These eauations are solved for .
the case of a sheet with circular ecylindrical shapse T
simply supported along two edges parallel to the axis of
the generating cylinder,

Numerical results are given for three values of the
curvature and for three ratios of buckle length to buckle

width. The computations are carried to buckle deflections

of about twice the sheet thickness. -

It is concluded from the results that initial curva-
ture may cause an appreciable increass in the buckling
load but that, for edge strains which are several times’
the buckling - strain, the initial curvature causés a neg-
ligibly small change in the effective width. '

INTRODUCTION

The strength of curved sheet in axial compression
Plays an important role in. determining the strength of
the wings and fuselage of modern metal airplanes. Such
sheet is usually reinforced by stringers. The portion (34
sheet between any pair of these stringers can, for pur-
poses of computation, be considered as simply supported
at the etringers, A gtudy of the limiting case of flat
sheet has ‘already been made (reference 1). The present
paper is an extension of this work %o include the effects
of initial curvature,.

Acknowledgment 1s due to the NACA the research rroJect
of which has provided the impetus and _necessary financiaI
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support for the work presented in this paper. The author
takes this opportunity to acknowledge. also the asslstance
of members of the Engineering Mechanics Section of the
National Bureau of Standards, particularly Mr., Kenneth L.
Fienup and Mr, Daniel Goldenberg.

FUNDAMENTAL EBQUATIONS
¥OTATION
An initially curved plate of uniform thickness will

be conesidered., The following notation is used:

Wy initial displacement of points of the middle sur-—
face normal and relative to a plane through the

cerners of the plate . __. ... : - - e

w additional displacement of points of the middle sur-
face due to the agpplied loeads . .

X, ¥y coordinate axes
F - stress function

normal pressure

b Young's .madulus
h plate thickness : )
" Poigson's ratio

En3

D = —= 1 igidity of the plate
1501 - n?) ° flexural rigidity i)

extreme—-fiber stresses

S cy, Txy medlan—~-fiber stresses

i ] i "
Oy cy, Txy extremeifiber‘bending stresses
€hr €9 Y g median—~fiber strains
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2 a -
M = -0D g—%‘+ 38 B.w ;, bending momenit about y-axis
Ay 3x*®

Wm,n coefficient in expansion far displacement normal
to the reference plane due t0 load

b width of eylindrical plate strip
2a wave length of buckles -
m,n, r, 8 subscripts representing integers

a coefficient in expansion for initial displacement

normal to the reference plane '

n .

fx,ﬁ} average &éompressive stresses

bm,n coefficient in expansion for F

By,Bzy, . . .Bys coefficients. in expansion for bm,n

Om,n coefficient in expansion for q B
Q1:Q2s + . «Q3s coefficients in expansion for Up n

R radius of curvature of plate

3 edge strain

€op edge strain for buckling

Equations for the Deformation of Curved Plates

The fundamental equations governing the deformation
of thin curved plates were developed by Donnell in ref-
erence 2 and by Marguerre in reference 3., These equations
are also given by von Kd4rmdn and Tsien in reference 4.

For the special case where the deflections are not small
in comparison with the thickness, but at the same time
small enough to justify the. application of simplified
formulas for curvatures of the plate, Marguerre (equations
(4.35) and (4.5,) of reference 3) gives these equations in
essentlally the following form: .
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2
d4F 3T d4p [(aaw> 32y 33w 33y aawa
+ 2 = B — + 2

+
dx* dx%3y? oay* dxdy ox2 dy® 3xdy dxdy
) 38w 33w, __aawo aZW'] (1)
3x2 3y® dx2 dy?®
3w 3%w 3% g n [3%F 3% (w + w,)
4"'2 <+ 4=—+— ——— - o
dx 3x%dy®  dy D D [3y2 3x2
3%F 3% (w + 327 3% (w +
. w o+ W) . (w + wg) (2)
dx8 dy? dxdy dxdy

Equation (2) is also given by Timoshenko (p. 319, equation
(206) of reference 5).

The median-fiber stresses are

v agF v d3F r! . jfﬁL (3)
Ox T 3g2 OV T ax2t ¥ 2xdy

and the median—fiber stralins are

¢ =;_<a21«~ B} uﬂ)w

x E ayz 3x3
v 1 A%F 3%F (4)
v T 3 <éx2 H byé) s o _
T2+ ) d°F
Yxy =~ E O0xdy

The extreme~fiber bending and shearing stresses are
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no_ Bh 2y - 3315 w
Og = =- + W

x 2(1 - p®) \Ox® dy2

LI Eh 2w 2w

= - + —

%y 2(1 - p®) \gy® - bx%> ~ (5)
:-r'" - Eh aaw

xy 2(1 + p) dxdy P,

Plate Strip with Cylindrical Initial Shape

If we 1limit the following discussion to the case of
a plate strip of infinite length of initial cylindrical
shape having deflections w, small enough to allow the

use of sgimplified formulas for curvature and let the gen-
erators be parallel to the x-axig, then

33w, T dBw, oo
— d = 6
dx8 0 Oxdy © ()

Substituting equations (6) in equations (1) and (2) gives

- +
D D \dy2 328 3xB dy?2 2 dxdy Oxdy 0x2 dy2

4 % 4 2 2 2 a 2 2 ’
3 F 0 F °F 3w 0w 3w 3w 3%wg

st 2 s~ s Tz & - ) 2 (7)
Ox dx% dy dy dxdy 3x2 dy2 9x® dy
d%w d%w d%w

+ +

dx* dxB3y2  dy*

e, kb (aas* 32w 32T 3% 28F 32w 3%F 3%, (&)
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Simply Supported CGylindrical Plete Strip
General Solution

A solution of equations (7?) and (8) for a simply
supported cylindrical plate strip of infinite length must
satisfy the follewing boundary conditions. The deflection
and the edge bending moment per unit length are zero at
the edges, of the strip; that is, when y = 0 or y =%

w = 0
and
a 2
M=-—Daw+uaw>=
y dy° dx=

These conditions are satisfied by the Fourler series

[=-] oo

w cos LIRS gin nry (9)
m,_n a _ b

M=0,1,8... B=1,8,3...

=
i

The initial displacement must be a function of y alone
since the elements of the cylindrical surface are parallel

to the x-axis. The Xy-plane can be so chosen (see fig. 1)

that the initial deflection is zero along the edges .y-= 0
and y = b. These conditions are satisfied dy the Fourier
series

o . .
Wo = zz a, €in E%X (10)

N=1,8, 04

By substitution equation (7) is found to be satisfied if

- _2a - .3
F bxy Pyx
-7 2 7z
g’ m e e . -
DX nmy
+ E; Ez hm,n cos o co D (ll)_
m=0,1,8 n=0,L,2¢q. S
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where 5? and 5& are equal to the average compressive

stress in the’ x and y directions, respectively, and
where

- —r o +
Pma T afm? 24 g2 28Y (Ba ¥ Bz + ..o FBaa) (1la)
@+ a* %)
and
© n—1
B, = 21 2; [(r4'm)(n-s)rs+ (r+m)’s ]w(r+m),(n—s)wr,s
r=0 g=1 . . o

2]
|
M

Bz = Ej [r(nf-s)(r+ m)e+ rQSQJ r,(n~s)¥(r+n),s

r=0 g=1 i
if m 4 0 . T
:B‘a = O, if m =0
co [ 3
— . 2 .2
B, = > [(r+-m)(s+ n)rs - (r+m)s ]w(r+m) (s+n)¥r,s
r=o §=1 R
(o) [ )
— 2 N2
By = ) ':(r+ n)sr{s+n)~ (r+m) " (s+ n) ]‘"(r+m),swr,(s+n)
r=o s=1 |

if n 4 0

:Bs = Z Z [r(s + n)(r+ m)s - resz]fv’r’ (S"'h-) w.(r+.m) » S .
) ) .

r

if m#£ 0
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Bg = y ‘>_l l:rs(r+ m)(s+n) - ra(s"'n)a] Yr,s¥(r+m), (s+n)

if m#0 and =n £ 0
By =0, 1if m=0 or an =20

-1 .

m n L '
B, = Z Z ——rs(m-—r)(n-s)+ra(n"s)a]"’r,sw(m~r),(n—-s)

—r(s+-n)(m'"r)5"rasa} Y, (s+n)" (m-r),s

=

-

" - o S -
By = E: S; [—rs(m—-r)(s+ n) ~r2(9*“n)2]-wr,sw(m—r).(s+n?

if n # 0

vs]
)
Q
i}
[\/18 -
—
1
oo
B
n
a.
©
| S
Pama
@
+
=
o
i
pu?
ry
[
-~
(@]

e}
-
o

o
]
o

if- n =0

[~2m2(s+ n)BJ Ym,s a(s+£)

w
=
1l
>N7s

8=1
n-1
2 2
313 = 5 [ a2m (n - S) } Wm,8 a(n_s)
yam
8=1 . . - . . . R .
By substitution of equations (g), (10), and Sll).in equa-
tion (8), equation (8) is found to be satisfied if
= 2 nmy .
N u mTx ¥
q = Y } Qm,n Cts —5 - sin (12)
ORI -
m=0,%.,28,..,. D11 23

' g oo

re

14t
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2 g2
= nm nm - °
a,n ~ D Yo,n ﬁAMI * Ad M_ = Pxh Vg n n? )
- 2 hm? . - Co-
- 2g® _ _hm* . .
Py b Ym,n B B2 4,702 Apu + Q2+ .. 7 o..u.mv . C.m«b
and '
m n - .
b 1 =]
Qa INNL ‘HH.AHH.. s) - mABlH..VH‘ ¥y s ®(mer), (n-g)
r=0 g=1 :
m o o
. . A 2 S
= + + -
2 NI. /. rs s n) (m H.v”“ Vi (s+n) dAEle.m
r=0 s=1 . ) . . -

m o
— a
Q = ...hvl_ M *Hwnm +n) + s(m - HLM_ ¥r,s P(m-r), (s+n)

o s=1 : . : "

b o .
M _HAH. + m)(n - g) + muwm £AH.+BV 5 dH. (n-ga)

n . o
N _HH.TH - s) + s(r + Bgm Wi g P(r+m), (n-s)
- . B .

if m # O

=4

N Tw + m)s - (s + HLH@ z?iﬂv._ﬁm._év ,cH....w.m

Q, = IM M ﬁﬁd + m)(s + n) - mwgm V{r+m),s ..t..H...Am.._.ﬁv

r~o s=1
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Q, = ;ﬁ | [rs - (s + n){r + m)]a Wy (s+n) b (rsm),s
rS0 80 ' ' ) ' i

1f m # O

‘_-':ol oo 2 ’
W = - ) ;Ej [r(s +n) - s{r + m)] Ye,a P(r+m), (s+n)
J =5 -

1f m # O

n =
: - a_2
Lio *-zz Sm”s } aq bm,(n—s)
=1
& -
— e a
Qiy = 2; 2m® (g + n)‘J 8 (g+n) bm,s

]
i
o]

<o
Qiz = - E; [zmasa] &g Pp, (n+s)

Boguation (12) represents a doubly infinite family of

equations. In each eguation the coefficients bm,n

may be replaced by their values as given by equation (11a).
The resulting equations will involve the known nornmal

pressure coefficients Qqpn pn, the known average membrane
1 .

pressures in the x- and y-directions 5& and ﬁ&, respec-
tively, the known initial deflection coefficients &y, and
the unknown deflection coefficients Wy n. The number of--
these equations is egual to the number of unknown deflec-

tion coefflcients: wm'n}
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In the following solutions the number of equations
of the family of equation (12) was restricted by setting
" all deflection ceefficients w, , equal to zero except a
1]

selected number including the most important coeffloients.
This eimplification introduces an errcr into the solution.
The magnitude of the error will be sstimated from the con-
vergence as additional coefficients are used in the solu-
tion.

The resultant l1~2ad must be constant in the x- and in
the y-~direction and the boundaries of the plate must re- . .
main straight. The first condition follows from the sub-
stitution of equations (3) and (11) in the following ex-
presgsionas for the total load:

b
Leoad in x-direction =_j/‘ hc; dy = - Ty bh B
. O . .. --
o (13)
. ' . .
Load in y-direction = hoy dx = = pr ah
. o -

The second condition was checked by the substitution of
equations (4), (9), and (11) in the following equations:

Piaplacement of edges in z-direction over a full wave-

a .
\ 3
1 Bw) o )
length = oo L /owy Ly |
€ !jﬁ [ex 2 \9ox ] x
-—a . ’

21 2% 5 G ' |

= bPx® pja 2 2 2

= - - + p - }: zz m Vo oa (14)

m=1 n=1

Displacement of edges in y-direction = T -

b

) . . -1_ aw + awo >2 . .]__- BWO>3 iy = ~ 5-yb + ’ " —ﬁxb
. y 2 By by 2 \ 0y B E
o . ' i .

n=1 m=0 n=1 n=3
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Equations (13) to (15) are independent of =x and vy,

thus showing that the conditions of constant lcad and ocon-
?tant—edge displacement are .satigfied by equations (9) to
12).

For a plate having a constant radius of curvature R

between y = 0 and y = Db the coefficients a, 1in equa-
tion (10) must have the values
2
ap = _ig"f (16)
R n

Edge Compression of “‘Plate Strip with Circular

Cylindrical BShape (p = 0.316; Only w and

0,1
wy 1 Are Agsumed Different from Zero)

The following resulta apply to plates loaded in edge
compression in the x-direction as ashown in figure 1.

The normal pressure g and the edge compression in
the y-direction ﬁ&ah are zZero. The initial dlsplace-

ment w, is that of a circular cylinder of radius R,

If only the deflection coefficients w, . and W1,1
]

are taken different from zero we get from equations_(ll)
and (16) the following equations for the stress coeffi-
cients:

a 2
a & 8 D ; ™
b1,o = 4pe (“3Wo,1 Y1,1 " 717 R W1,1>
2
_ a” E 2
ba,o_ﬂszba wl’l
>(17)
a2E
vy, = 2500 Yi,1
- a,8 _ .. .=
Ba b . : 16 ®
b = A <2w LW + = W )
1,2 4(b2 N 4aa)2 0,1 PL,l 93 R 1,1
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We .also get from equations (12), (16), and (17) by equat-

ing q, , and q, , to zero the equations:
' 2 a2 T 1+ s -
Wo g w, , b° 4 © o 3(1 + 4a%/p7) (18)
= - e 18
h n® Rk 81 1 2 1
2.7 n [ 2(1 + 4a3/b?)2]

[\Y
]

v o [2a® 2 w, . b® 1652 16 1
+ ~ + + = — | —
h2 b2 L 4a)\® h Rh |31b° 95 (b 4a
a b
+ b 322. + ) (l._g)

4
2, 2 2
R%n 961D 8649<? 4%)

Equations (18) and (19) wers solved simultaneously
by assuming values of buckle deflection W1,1/h and solv-

ing for the load ratio P b h/n°D. The results are plot-

ted in figures 2 to 4 for values of the ratio of lemngth
to width.of bueckle a/b ‘of 1/2, 3/4, and 1 and for values
of the curvature ratio b2/BRh of O, 5, and 10, Values of
a/db > 1 were not computed since the resulte for a/b =
1/2, 3/4, and 1 indicate that the load required to main-
tain a buckle having a/b > 1 is greater than the load
required to maintain a buckle having a/b < 1. Buckles
for which a/b > 1 would therefore not occur. It is evi-
dent from these figures that s the buckle depth becomes
comparable with the eheet thickness, w,,, = h, the ef-
fect of the initial curvature.on the load becomes negli-
gible. For small deflections, however, an increase of
the curvature ratio b2/Rh - from O to 10 causes an in-

: 7.b2h
crease in the load ratio 23:5— from 4.00 to 13.06 for a
gsquare buckle a = T,
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The ratio of the effective width to the initial wildth
(defined as the ratio of the actual load carried wy the
plate to the load the plate would have carried 1f the
stress had been uniform and equal to the Young's modulus
times the average edge strain) was computed from equations
(13), (14), (18), and (19) with the results given in fig-
ures & to 7. Near the edge strain corresponding to duck-
ling, curvature has a large effect on the effective width
ratio; however, when the edge atrain is several times the
buckling strain of the corresponding flat panel the effect
of curvature on the effecetive width ratio 1s negligibdle.

Edge Compression of Plate Strip with Circular Oylindrical
Shape (m = 0.316; Only Wo . 1s Wi,11 Wa 15 W3 14 Wi,z

and w Are Assumed Different from Zero;

3,3

Square Buckles a/b = 1)

In the gsolution of the previous sectlon only the
first two deflection coefficients wy, ; and w, , were
used. The omission of higher terms ih the deflettion
Introduces an error in the results. In the present sec-
tion the order of magnitude of thisg error will be deter-
mined for the special case of a square buckle by obtain-
ing a more exact golution including the first six deflec-
tion coefficilents Wo,11 W1,1s Wa, 15 Wz 13 Y3, 3., and

3,3°

The results agéin apply to plates loaded in edge
compression in the x-direction as shown in figure 1., The
normal pressure q and the edge compression in the y-

direction P ah are zero. The initial displacement w,

is that of a circular oylinder of radius R, The buckle
ls squars, a = b,
Equations for the stress coefficlents b4 were #b-
: _ Y®  Cm,
tained from equations (11) and (16) on the assumption that
only Wo 1y W1 ,1s Wa,1» W3 61, W1, 3, and wy 5 Wwere not

zero, The results are given in table I, Substituting:

these stress coefficients in equation (12) and equating

the pressure coefficlents -4y . n and the stress coeffi-
¥

clent 5& t0 zers gives the. equations in table II. These
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equations relate the average membrane pressure in the
x-direction Py, the initial radius of curvature R,
and the deflection coefficlents Wy 31, Wy 1, Wa 1: W3z 1

w and w

1,30 3,3° 3 ' —
The equations in table II were solved by successive
approximation for the case where T, = 8.24 EhZ®/b® and

b2 /Rh = 10. The resulting values of the deflection coef-
ficients were wy ;/h = ~1,017, w; ;/h = 1.929, wy ,/h =
' ’ ! .

-0.243, w, ,/b = -0.075, w; 5/h = 0.036, -and w; 5/h =

~0.,0068, Using these values the effective width ratio was
computed from equations (13) and (14). At an edge strain
ratio of 3,61 times the critical edge strain ratio for
flat sheet the effective width ratio was 0.625. The cor-
regsponding value using the solution with only two defleq—
tion coefficlents was 0.642. (See fig. 5.) This indi-
cates that the difference between the results using only
two deflection coefficients and the results using six de-
flection coefficients is small for deflections up ‘o about
twice the sheet thickness and for values of b2/Rh up to
about 10.

Effective Width

The effective width curves of figures 5, 6, and 7
are replotted in figures 8, 9, and 10 using as absclssa
the Gimensionless edge sérain ratio eb2/h®. An envelope
curve i1s drawn which is tangent to the effective width
curves for different ratios of length to width., This
envelope curve corresponds to the effective width of a
long plate in which the buckle length is adjusted to_gilve
the lowest possible effective width. In an actual platse
of finite length, however, 1t 1s probable that afier a
Wuckle pattern has become established, a momentary in-
crease in load would be required during the transition to
the new buckle pattern having lower effective width,.

It is interesting to observe that even in the case
of a flat sheet (fig. 8) the buckle length corresponding
t0 & minimum effective width decreases as the edge strain
increases. For minimum effective width the dbuckle shape
would be square initially, change to a/b = 3/4 for an
edge strain ratio ¢€%2/h2 = 11, and change to a/b =
1/2 for ¢b2/h® = 38, Similar effects are evident for
curved sheet (figs. 9 and 10).
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The minimum effective width, corresponding to the
envelope ourve, is 0,500 when €b2/h® = 21,0 for flat
sheet as well.as sheet with curvature ratios ©b2/Rh :
equal to 5 and 10, It is evident from this and from fig-
ures 8, 9, and 10 that the effective width 4is nearly in-
denendent of initial curvature when the critical edge
sbrain has been several times excesded.

Comparison with Results by Other Authors

Experimental and .theoretical investigations of the
load carried by curved sheet after buckling have been
made %y von Kdrmd&n and Teien (references 4 and 6), Cox
and Clenshaw (referénce 7), Newell (reference 8), Bbner
(reference 9) and Wenzek (reference 10).

von KErmdn and Tslen (references 4 and 6) consider a
sheet curved to form a closed circular cylinder without
longitudinal reinforcements. Such a sheet buckles inte
diamond-shape buckles (see, for example, fig. 242, p. 461,
reference 5). Thege buckles do not satisfy the condition
assumed in the present paper that the sheet is simply
supported along the edges and that the initial displace-
ments are small enough to Jjustify the use of simplified
farmulas for curvature. This case ls therefore outside
the scope of the present work.

Cox and Clenshaw (reference 7) give experimental re-
sulte for a large nuymber . of' plates having clamped longi-
tudinal edges dut no longitudinal reinforcements. Al-
though this edge condition 1s different from that of

simple support assumed in the present paper,. the effect of

curvature should be similar in the two ceses. They ob-
serve that the inlitisl buckling load of curved sheet

might considera®ly exceed that for flat sheet-and that the

effective width of curved sheet after the buckling load
has been exceeded several times ie nearly the same as that
for flat sheet. These experimental results are in agree-
ment with the theoretical curves in figures 5 to 7 of the
pPresent paper.

Newell (reference 8) gives desigzn charts based on the

results of tests to failure of curved sheet supported be-
tween v-grooves. Thege results indicate =z consi&erable
increase in the failing load as the turvature is in-
creased. It is probable that the failing locad with this

type of support was the buckling lead of the curved gheet_
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-

. The results are then in agreement with the increase_in

buckling load with increasing curvature shown in figures
2, 3, and 4 of the present paper.

Ebner (fig. 40, reference 9) gives the results of
tests on curved panels with longitudinal stiffeners in
which he shows that the failing stress of a given type of
panel iz nearly independent of the initial curvatutre. The
edge restraint of the gshest of these panels by the longi-
tudinal stiffeners probably enabled them to support
stresses well above the buckling stress. His result is in
agreement with figures 8, 9, and 10 which show only a
slight change in effective width with curvature when the
buckling stress is exceeded several times.

Wenzek (reference 10) gives the results of tests on
brass sheets clamped along the longitudinal edges to a
stiffener having a closed section. His results indicate
that an increase in the curvature is accompanied by an
increase in the buckling load but that this increase in
load-carrying capacity drops off with increase in the edge
strain. These general conclusions ars,in agreement with
the results of the present-paper. Some of Wenzek's ex- )
perimental results (fig, 7, cyl. 7, 8, and 10, reference N
10) and theoretical results (fig. 3, reference 10) show
values of the ratio of effective width to initial width -
which are nearly zero., These results seem extreme and
are not confirmed by the results in the present paper.

< CONGCLUSIONS

It may be concluded that for small deflections the.
initial curvature has-a large effect-on the load carried
in axial compression and may increase the buckling load
several hundred percent. When the buckle depth Wwecomes
comparable with the sheet thickness,-however, the effect
of the initial curvature on the load carried in axial
compression Becomeg negligible, _ il i

In terms of effective width this may be expressed as
follows: The effective width ratio is increased consid-
erably by an increase in curvature for loads near the
buckling lsad. When the edge strain is several times the
critical buckling strain of the corresponding flat sheet,
however, the effect of curvature on the effective width
ratio is negligible.,

Rational Bureau of Standards, -
Washington, D. ., January 8, 1943,
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Figure l.- Plote with circulor cytindrical initial shapa
" in edge compression under axial foad B_bh.
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